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1. Introduction
Let Bn be the Artin braid group, with generators σ1, . . . , σn−1 and relations σiσi+1σi = σi+1σiσi+1 for 1 i  n − 2, and
σ jσi = σiσ j for | j − i| 2. It is well known from work of Dyer and Grossman [9] that the group of (right) automorphisms
of the braid group may be realized as Aut(Bn) ∼= Bn  Z2, where Bn denotes Bn modulo its center and Z2 acts by taking
generators to their inverses. In this paper, we ﬁnd an explicit presentation for the automorphism group of the Artin pure
braid, the kernel Pn = ker(Bn → Σn) of the natural map from the braid group to the symmetric group. The pure braid group
has generators
Ai, j = σ j−1 · · ·σi+1σ 2i σ−1i+1 · · ·σ−1j−1 = σ−1i · · ·σ−1j−2σ 2j−1σ j−2 · · ·σi, (1)
and relations
A−1r,s Ai, j Ar,s =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
Ai, j if i < r < s < j,
Ai, j if r < s < i < j,
Ar, j Ai, j A
−1
r, j if r < s = i < j,
Ar, j As, j Ai, j A
−1
s, j A
−1
r, j if r = i < s < j,
[Ar, j, As, j]Ai, j[Ar, j, As, j]−1 if r < i < s < j,
(2)
where [u, v] = uvu−1v−1 is the commutator. General references include Birman [2] and Hansen [10]. The presentation for
the pure braid group given above may be found in [10, Chapter I, §4].
E-mail address: cohen@math.lsu.edu.
URL: http://www.math.lsu.edu/~cohen.
1 Partially supported by Louisiana Board of Regents grant NSF(2010)-PFUND-171.0166-8641/$ – see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.topol.2012.08.002
D.C. Cohen / Topology and its Applications 159 (2012) 3404–3416 3405Let
F (C,n) = {(x1, . . . , xn) ∈Cn ∣∣ xi = x j if i = j}
be the conﬁguration space of n distinct ordered points in C. The symmetric group Σn acts freely on F (C,n) by permuting
coordinates. Let C(C,n) = F (C,n)/Σn denote the orbit space, the conﬁguration space of n distinct unordered points in C. It
is well known that Pn = π1(F (C,n)), Bn = π1(C(C,n)), and that these spaces are Eilenberg–MacLane spaces for these braid
groups.
For i = j, let Hi, j = ker(xi − x j), and let An = {Hi, j | 1 i < j  n} denote the braid arrangement in Cn , consisting of the
reﬂecting hyperplanes of the symmetric group Σn . The complement M(An) =Cn ⋃1i< jn Hi, j of the braid arrangement
is equal to the conﬁguration space F (C,n). The other pure braid groups we consider may be viewed as arising from an
analogous construction.
Let r be a natural number greater than or equal to 2. The complex hyperplane arrangement Ar,n in Cn deﬁned by the
polynomial
Qr,n = Q (Ar,n) = x1 · · · xn
∏
1i< jn
(
xri − xrj
)
(3)
is known as a full monomial arrangement. The complement M(Ar,n) =Cn \ Q −1r,n (0) may be realized as the orbit conﬁgura-
tion space
FΓ
(
C
∗,n
)= {(x1, . . . , xn) ∈ (C∗)n ∣∣ Γ · xi ∩ Γ · x j = ∅ if i = j}
of ordered n-tuples of points in C∗ which lie in distinct orbits of the free action of Γ = Z/rZ on C∗ by multiplication by
the primitive r-th root of unity exp(2π
√−1/r).
Let B(r,n) denote the group with generators ρ0,ρ1, . . . , ρn−1 and relations
(ρ0ρ1)
2 = (ρ1ρ0)2, ρiρi+1ρi = ρi+1ρiρi+1 (1 i < n), ρiρ j = ρ jρi
(| j − i| > 1). (4)
This is the (full) monomial braid group, the fundamental group of the orbit space M(Ar,n)/W , where W = G(r,n) is the full
monomial group, cf. [4, §3]. Note that B(r,n) is independent of r. This group admits a natural surjection to G(r,n), which
may be presented with generators ρ0,ρ1, . . . , ρn−1 and relations (4) together with ρr0 = ρ21 = · · · = ρ2n−1 = 1. Note that the
hyperplanes of Ar,n are the reﬂecting hyperplanes of the group G(r,n), and that this group is isomorphic to the wreath
product of the symmetric group Σn and the cyclic group Z/rZ.
The fundamental group of the complement M(Ar,n) of the full monomial arrangement is the kernel P (r,n) =
π1(M(Ar,n)) of the aforementioned surjection B(r,n) G(r,n), which we refer to as the pure monomial braid group.
Furthermore, M(Ar,n) is an Eilenberg–MacLane space for the pure monomial braid group. A presentation for the group
P (r,n) is found in [6, Theorem 2.2.4] (in slightly different notation).2 For 1  i  n, let Xi = ρi−1 · · ·ρ2ρ1ρ0ρ1ρ2 · · ·ρi−1,
and deﬁne
C j = ρ j−1 · · ·ρ2ρ1ρr0ρ−11 ρ−12 · · ·ρ−1j−1 (1 j  n),
A(q)i, j = Xq−ri · ρ j−1 · · ·ρi+1ρ2i ρ−1i+1 · · ·ρ−1j−1 · Xr−qi (1 i < j  n, 1 q r). (5)
The elements C j and A
(q)
i, j generate the pure monomial braid group.
Setting r = 1 in (3) yields a polynomial Q 1,n which deﬁnes an arrangement A1,n whose complement has the ho-
motopy type of the complement of the braid arrangement An+1 in Cn+1, M(A1,n) 
 M(An+1). For r  2, the mapping
M(Ar,n) → M(A1,n) deﬁned by (x1, . . . , xn) → (xr1, . . . , xrn) is a ﬁnite covering (equivalent to the pullback along the inclu-
sion M(A1,n) ↪→ (C∗)n of the covering (C∗)n → (C∗)n deﬁned by the same formula). Thus, P (r,n) = π1(M(Ar,n)) is a ﬁnite
index subgroup of Pn+1 = π1(M(A1,n)).
In this paper, building on work of Bell and Margalit [1] and Charney and Crisp [5], we ﬁnd ﬁnite presentations of the
automorphism groups of the pure braid groups Pn and P (r,n). These automorphism groups, Aut(Pn) in particular, are used
in [7] to study the residual freeness of these pure braid groups. Presentations for the automorphism groups of the full
braid groups Bn and B(r,n) may be obtained from the studies of these groups in [9] and [5]. The monomial braid group
B(r,n) = B(2,n) may be realized as the Artin group of type B, and the automorphism group Aut(B(2,n)) was determined
in [5] from this perspective.
2 There is a typographical error in the second family of relations recorded in [6, (2.9)]. These relations should read [A(p)j,k , A[p]j,l A(q)i,l (A[p]j,l )−1].
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In this section, we gather a number of facts regarding split extensions, (pure) braid groups, and mapping class groups
which will be of use in analyzing the automorphism groups of the pure braid groups Pn and P (r,n).
Let K be a group with trivial center, Z(K ) = 1, and let A be an abelian group. As noted by Leininger and Margalit [13],
a split central extension
1 → A → G K → 1
induces a split extension
1 → tv(G) → Aut(G) Aut(K ) → 1, (6)
where tv(G) < Aut(G) is the subgroup consisting of all automorphisms of G which become trivial upon passing to the
quotient K . If, moreover, G = A × K is a direct product, an explicit splitting in (6) is given by sending α ∈ Aut(K ) to
α˜ ∈ Aut(G), where α˜|A = idA and α˜|K = α. We occasionally abuse notation and write simply α in place of α˜ in this situation.
For a group G with inﬁnite cyclic center Z = 〈z〉, a transvection is an endomorphism of G of the form x → xzt(x) , where
t:G → Z is a homomorphism, see Charney and Crisp [5]. Such a map is an automorphism if and only if its restriction to
Z is surjective, which is the case if and only if z → z or z → z−1, that is, t(z) = 0 or t(z) = −2. For the groups we are
interested in, the extension 1 → Z(G) → G → G/Z(G) → 1 is split (in fact G ∼= Z(G) × G/Z(G)), and Z(G) is inﬁnite cyclic.
In this instance, the subgroup tv(G) < Aut(G) consists of all transvection automorphisms of G , so we refer to tv(G) as the
transvection subgroup of Aut(G).
As alluded to in the previous paragraph, the pure braid groups Pn and P (r,n) admit direct product decompositions
Pn ∼= Z(Pn)× Pn/Z(Pn) and P (r,n) ∼= Z
(
P (r,n)
)× P (r,n)/Z(P (r,n)), (7)
and the center of each of these groups is inﬁnite cyclic. The above direct product decompositions (the ﬁrst of which, for Pn ,
is well known) may be obtained using results from the theory of hyperplane arrangements. See Orlik and Terao [15] as a
general reference. First, if A is a central arrangement in Cn (the hyperplanes of which all contain the origin), the restriction
of the Hopf bundle Cn  {0} → CPn−1 to the complement M = M(A) yields a homeomorphism M ∼= C∗ × M , where M is
the complement of the projectivization of A in CPn−1. Thus, π1(M) ∼= Z× π1(M). Second, the braid arrangement An and
the full monomial arrangement Ar,n are ﬁber-type (or supersolvable) arrangements. As such, the fundamental groups of the
complements decompose as iterated semidirect products of free groups,
Pn = π1
(
M(An)
)∼=n−1k=1 Fk and P (r,n) = π1(M(Ar,n))∼=n−1k=1 Fr(k−1)+1,
where Fk is the free group of rank k, see [6, §1]. The direct product decompositions (7) follow easily from these two facts.
Note also that these considerations imply that the groups Pn = Pn/Z(Pn) and P (r,n) = P (r,n)/Z(P (r,n)) are centerless.
Explicit generators for the centers of the braid groups Bn , Pn , B(r,n), and P (r,n) are known. Regarding the Artin braid
groups, it is a classical result of Chow (see [2, Corollary 1.8.4]) that Z(Bn) = Z(Pn) = Z, generated by
Zn = (σ1σ2 · · ·σn−1)n = (A1,2)(A1,3A2,3) · · · (A1,n · · · An−1,n).
The centers of the monomial braid groups B(r,n) and P (r,n) were determined by Broué, Malle, and Rouquier [4, Proposi-
tion 3.10]. In terms of the generators ρ0,ρ1, . . . , ρn−1 of B(r,n), these centers are given by
Z
(
B(r,n)
)= 〈(ρ0ρ1 · · ·ρn−1)n〉 and Z(P (r,n))= 〈(ρ0ρ1 · · ·ρn−1)nr 〉.
Write ζn = (ρ0ρ1 · · ·ρn−1)n so that Z(B(r,n)) = 〈ζn〉 and Z(P (r,n)) = 〈ζ rn 〉. Since B(r,n) = B(2,n) is the type B Artin group,
the fact that Z(B(r,n)) = 〈ζn〉 follows from work of Deligne [8], see also Brieskorn and Saito [3].
We express ζ rn in terms of the generators of the pure monomial braid group P (r,n) recorded in (5). For 1 i < j  n, let
A[q]i, j = A(q)i, j A(q+1)i, j · · · A(r−1)i, j (for q < r),
V (q)i, j = A(q)i, j A(q)i+1, j · · · A(q)j−1, j (for q r),
Dk = A[1]k−1,k A[1]k−2,k · · · A[1]1,kCkV (r)1,k (for k n). (8)
Lemma 1. The center ζ rn of the pure monomial braid group P (r,n) factors as
ζ rn = D1D2 · · · Dn.
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tions (4) reveals that
ζn = X1X2 · · · Xn = ζn−1 · Xn.
The relations (4) may also be used to check that Xi X j = X j Xi for each i and j. Thus, Z(P (r,n)) is generated by ζ rn =
(X1X2 · · · Xn)r = Xr1Xr2 · · · Xrn = ζ rn−1 · Xrn . We may inductively assume that ζ rn−1 = D1D2 · · · Dn−1, so it suﬃces to show that
Dn = Xrn .
Use (5) and (8) to check that CnV
(r)
1,n = ρn−1 · · ·ρ1ρr0ρ1 · · ·ρn−1 and also that A[1]i,n = X1−ri (A(r)i,n Xi)r−1. Then, a calculation
reveals that
Dn = (X1 · · · Xn−1)1−rY r−1n−1ρn−1 · · · Y r−11 ρ1ρr0ρ1 · · ·ρn−1,
where Yi = ρ2i Xi . Since Yiρi = ρi Xi+1 and X jρi = ρi X j for i < j, we have
Dn = (X1 · · · Xn−1)1−rρn−1 · · ·ρ1Xr−1n · · · Xr−12 ρr0ρ1 · · ·ρn−1
= ζ 1−rn−1ρn−1 · · ·ρ1ζ r−1n ρ0ρ1 · · ·ρn−1 = ζ 1−rn−1ζ r−1n Xn = Xrn. 
Recall that Pn = Pn/Z(Pn) and P (r,n) = P (r,n)/Z(P (r,n)). These groups may be realized as ﬁnite index subgroups of the
(extended) mapping class group of the punctured sphere. Let Sm denote the sphere S2 with m punctures, and let Mod(Sm)
be the extended mapping class group of Sm , the group of isotopy classes of all self-diffeomorphisms of Sm .
The mapping class group M(0,m) of isotopy classes of orientation-preserving self-diffeomorphisms of Sm is an index
two subgroup of Mod(Sm). For m 2, the group M(0,m) admits a presentation with generators ω1, . . . ,ωm−1 and relations
ωiω j = ω jωi for |i − j| 2, ωiωi+1ωi = ωi+1ωiωi+1,
ω1 · · ·ωm−2ω2m−1ωm−2 · · ·ω1 = 1, (ω1ω2 · · ·ωm−1)m = 1, (9)
see [2, Theorem 4.5]. The extended mapping class group Mod(Sm) then admits a presentation with the above generators
and relations, along with the additional generator  and relations (ωi)2 = 1 and 2 = 1.
If G is a subgroup of a group Γ , recall that the normalizer of G in Γ is NΓ (G) = {γ ∈ Γ | γ−1Gγ = G}, the largest
subgroup of Γ having G as a normal subgroup. Building on work of Korkmaz [12] and Ivanov [11], Charney and Crisp
[5, Corollary 4(ii)] establish the following.
Proposition 2. If m 5 and G is a ﬁnite index subgroup of Γ = Mod(Sm), then Aut(G) ∼= NΓ (G).
Throughout the paper, Aut(G) denotes the group of right automorphisms of G , with multiplication α · β = β ◦ α.
3. Automorphisms of the Artin pure braid group
The map Bn → M(0,n + 1) → Mod(Sn+1) given by σi → ωi , 1 i  n − 1, realizes Bn = Bn/Z as a ﬁnite index subgroup
of the extended mapping class group Mod(Sn+1), where Z = Z(Bn) = Z(Pn), see, for instance, [5]. This comes from realizing
Bn as the orientation-preserving mapping class group of Dn , the n-punctured disk, relative to the boundary, and including
Dn in Sn+1. In this way, Pn = Pn/Z is realized as PMod(Sn+1), the subgroup of orientation-preserving mapping classes
which ﬁx every puncture.
The subgroup Pn is normal in Mod(Sn+1). Thus, Aut(Pn) ∼= Mod(Sn+1) for n  4, see Proposition 2. This fact was origi-
nally established by Korkmaz [12], and extended by Bell and Margalit [1]. Since Pn ∼= Z × Pn , the split extension (6) yields
a semidirect product decomposition Aut(Pn) ∼= tv(Pn) Aut(Pn). This is an ingredient in the identiﬁcation, for n 4, of the
automorphism group of the pure braid group as
Aut(Pn) ∼=
(
Z
N
Z2
)
Mod(Sn+1) (10)
made by Bell and Margalit [1, Theorem 8]. Here, tv(Pn) ∼= ZN  Z2, where N =
(n
2
) − 1. We exhibit generators of tv(Pn)
realizing this semidirect product decomposition.
Recall that the center Z = Z(Pn) of the pure braid group is inﬁnite cyclic, generated by Zn = A1,2A1,3A2,3 · · · A1,n · · ·
An−1,n . The transvection subgroup tv(Pn) of Aut(Pn) consists of automorphisms of the form Ai, j → Ai, j Z ti, jn , where ti, j ∈ Z
and
∑
ti, j is either equal to 0 or −2. In the former case, Zn → Zn , while Zn → Z−1n in the latter. This yields a surjection
tv(Pn) → Z2, with kernel consisting of transvections for which ∑ ti, j = 0. Since Pn has (n2)= N + 1 generators, this kernel
is free abelian of rank N . The choice t1,2 = −2 and all other ti, j = 0 gives a splitting Z2 → tv(Pn). Thus, tv(Pn) ∼= ZN Z2.
This group is generated by transvections ψ,φi, j : Pn → Pn , 1 i < j  n, {i, j} = {1,2}, where
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{
A1,2 Z−2n p = 1, q = 2,
Ap,q otherwise,
φi, j : Ap,q →
⎧⎨
⎩
A1,2Zn p = 1, q = 2,
Ai, j Z−1n p = i, q = j,
Ap,q otherwise.
(11)
It is readily checked that ψ2 = 1 and that ψφi, jψ = φ−1i, j . Observe that nontrivial elements of tv(Pn) are outer automor-
phisms.
The mapping class group Mod(Sn+1) acts on Pn = Pn/〈Zn〉 ∼= PMod(Sn+1) by conjugation. We exhibit automorphisms
of Pn which ﬁx the generator Zn of the center and induce the corresponding automorphisms of Pn upon passing to the
quotient. For group elements x and y, write yx = x−1 yx.
Deﬁne elements ωk , 1 k n, and  of Aut(Pn) as follows:
ωk : Ai, j →
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
Ai−1, j if k = i − 1,
A
Ai,i+1
i+1, j if k = i < j − 1,
Ai, j−1 if k = j − 1> i,
A
A j, j+1
i, j+1 if k = j,
Ai, j otherwise,
for 1 k n − 1, k = 2,
ω2 : Ai, j →
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
A
A2,3
1,3 Zn if i = 1, j = 2,
A1,2Z−1n if i = 1, j = 3,
A
A2,3
3, j if i = 2, j  4,
A2, j if i = 3,
Ai, j otherwise,
ωn : Ai, j →
⎧⎪⎨
⎪⎩
Ai, j if j = n,
(A1,n A1,2A1,3 · · · A1,n−1)−1 Zn if i = 1, j = n,
(A2,n A1,2A2,3 · · · A2,n−1)−1 Zn if i = 2, j = n,
(Ai,n A1,i · · · Ai−1,i Ai,i+1 · · · Ai,n−1)−1 if 3 i, j = n,
 : Ai, j →
{
A−11,2 Z2n if i = 1, j = 2,
(Ai+1, j · · · A j−1, j)−1A−1i, j (Ai+1, j · · · A j−1, j) otherwise.
(12)
Check that ωk(Zn) = Zn for each k, and (Zn) = Zn . Also, note that, for 1  k  n − 1 and k = 2, the automorphism ωk is
given by the usual conjugation action of the braid σk on the pure braid group, ωk(Ai, j) = Aσki, j = σ−1k Ai, jσk , see [9]. The
automorphism ω2 is the composite of the conjugation action of σ2 and the transvection φ1,3, see (11). This accounts for
the fact that A1,2 = [(A1,3A2,3) · · · (A1,n · · · An−1,n)]−1 in Pn , the fact that, for instance, Aσ21,3 = A1,2 in Pn , and insures that
ω2(Zn) = Zn .
Similar considerations explain the occurrence of Zn in the formulas for the automorphisms ωn and  above. The for-
mer automorphism of Pn lifts the automorphism of Pn given by conjugation by ωn ∈ Mod(Sn+1). This conjugation action
can be determined using the mapping class group relations (9), noting that the relations ωiωi+1ωi = ωi+1ωiωi+1 and
ω1 · · ·ωn−1ω2nωn−1 · · ·ω1 = 1 imply that, for instance,
ω−1n An−1,nωn = ω−1n ω2n−1ωn = ωn−1ω2nω−1n−1
= ωn−1
(
ωn−1 · · ·ω2ω21ω2 · · ·ωn−1
)−1
ω−1n−1
= ωn−1(A1,n A2,n · · · An−1,n)−1ω−1n−1
= (An−1,n A1,n−1 · · · An−2,n−1)−1.
Similarly, the fact that Ai,n = Aωn−2···ωin−1,n for i  n − 2 may be used to calculate ω−1n Ai,nωn .
Proposition 3. The elements ω1, . . . ,ωn,  ∈ Aut(Pn) satisfy the mapping class group relations (9) and the relations 2 = 1 and
(ωk)
2 = 1 for each k, 1 k n.
Proof. As noted above, for 1  k  n − 1 and k = 2, the automorphism ωk is given by the conjugation action of the braid
σk , ωk(Ai, j) = Aσki, j . It follows that all of the (braid) relations (9) that do not involve ω2 or ωn hold. So it remains to check
that the automorphisms ωk of Pn satisfy ωiω2ωi = ω2ωiω2 for i = 1,3, ω2ωi = ωiω2 for i  4, ωn−1ωnωn−1 = ωnωn−1ωn ,
ωiωn = ωnωi for i  n − 2, ω1 · · ·ωn−1ω2nωn−1 · · ·ω1 = 1, and (ω1ω2 · · ·ωn)n+1 = 1. We will check the last two, and leave
the others as exercises for the reader. Recall that elements of Aut(Pn) are right automorphisms.
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ω1 · · ·ωn−1(Ai, j) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Zn A
A2,n···An−1,n
1,n if i = 1, j = 2,
Z−1n A1,2 if i = 2, j = 3,
A
A j,n···An−1,n(A1, j−1···A j−2, j−1)−1
j−1,n if i = 1, j  3,
Ai−1, j−1 otherwise,
ω2n(Ai, j) =
{
Ai, j if j  n − 1,
A
A1,i ···Ai−1,i Ai,i+1···Ai,n−1
i,n if j = n,
ωn−1 · · ·ω1(Ai, j) =
⎧⎪⎨
⎪⎩
A2,3 Zn if i = 1, j = 2,
A1,2 Z−1n if i = 1, j = n,
A1,i+1 if i  2, j = n,
Ai+1, j+1 otherwise.
These calculations, together with the pure braid relations (2), can be used to check that ω1 · · ·ωn−1ω2nωn−1 · · ·ω1 = 1.
To verify that (ω1ω2 · · ·ωn)n+1 = 1, ﬁrst note that the relations ωiωi+1ωi = ωi+1ωiωi+1 for 1 i  n and ω jωi = ωiω j
for | j − i| 2 imply that
(ω1ω2 · · ·ωn)n+1 = (ω1ω2 · · ·ωn−1)n ·ωn · · ·ω2ω21ω2 · · ·ωn, and
ωn · · ·ω2ω21ω2 · · ·ωn = (ωn · · ·ω1) ·ω1 · · ·ωn−1ω2nωn−1 · · ·ω1(ωn · · ·ω1)−1.
Since ω1 · · ·ωn−1ω2nωn−1 · · ·ω1 = 1 by the previous paragraph, it suﬃces to check that (ω1ω2 · · ·ωn−1)n = 1.
Write τ = ω1 · · ·ωn−1. We must show that τn = 1. The action of τ on the pure braid generators Ai, j is given above. In
particular, τ (Ai, j) = Ai−1, j−1 for i  2 and j  4. Also, note that for j  3, the pure braid relations (2) may be used to show
that
τ (A1, j) = AA j,n···An−1,n(A1, j−1···A j−2, j−1)
−1
j−1,n = AA1,n···An−1,nj−1,n .
Observe that τn−3(An−1,n) = A2,3. Consequently, τn−2(An−1,n) = Z−1n A1,2, and τn−1(An−1,n) = AA2,n ···An−1,n1,n . A calculation
then reveals that τn(An−1,n) = An−1,n . It follows that τn−k(Ak−1,k) = An−1,n for k  3, which implies that τn(Ak−1,k) =
Ak−1,k for k 3.
If i = j−k with k 2 (so that j  3), then Ai, j = A j−k, j = τn− j(An−k,n). If τ j(Ai, j) = An−k,n , it follows that τn(An−k,n) =
An−k,n and then that τn(Ai, j) = Ai, j . Thus, it suﬃces to show that τ j(Ai, j) = An−k,n . If i > 1, then τ i−1(Ai, j) = A1, j−i+1. So
it is enough to show that τ q(A1,q) = An−q+1,n , where q 3. Checking that
τ p(A1,q) = AA1,n−p+1···An−p,n−p+1·An−p+1,n−p+2···An−p+1,nq−p,n−p+1
for 1 p  q − 1, we have
τ q(A1,q) = τ
(
A
A2,n−q ···An−q−1,n−q·An−q,n−q+1···An−q,n
1,n−q
)= AAn−q,n···An−1,n·An−q−1,n−q···An−q−1,nn−q−1,n .
A calculation with the pure braid relations (2) then shows that τ q(A1,q) = An−q+1,n .
It remains to check that 2 = 1 and (ωk)2 = 1 for each k, 1  k  n. The ﬁrst of these is straightforward. For the
remaining ones, note that (Ai, j · · · A j−1, j) = (Ai, j · · · A j−1, j)−1 for i > 1 and j > 2, (Ai,i+1 · · · Ai, j) = (Ai,i+1 · · · Ai, j)−1 for
i > 1, while (A1,2 · · · A1, j) = (A1,2 · · · A1, j)−1 Z2n . These observations, together with the pure braid relations (2) may be used
to verify that ωkωk =  for each k, 1 k n. 
Thus, the elements ω1, . . . ,ωn and  of Aut(Pn) satisfy the relations of the extended mapping class group Mod(Sn+1).
By construction, these elements of Aut(Pn) induce the automorphisms of Pn ∼= PMod(Sn+1) corresponding to conjugation
by the generators (with the same names) of Mod(Sn+1) upon passing to the quotient.
Theorem 4. For n 4, the group Aut(Pn) of right automorphisms of the pure braid group admits a presentation with generators
, ωk, 1 k n, ψ, φi, j, 1 i < j  n, {i, j} = {1,2},
and relations
ωiω j = ω jωi, |i − j| 2, ωiωi+1ωi = ωi+1ωiωi+1, i < n, 2 = 1,
(ω1ω2 · · ·ωn)n+1 = 1, ω1 · · ·ωn−1ω2nωn−1 · · ·ω1 = 1, (ωk)2 = 1, k n,
ψφi, jψ = φ−1, ∀i, j, φi, jφp,q = φp,qφi, j, ∀i, j, p,q, ψ2 = 1,i, j
3410 D.C. Cohen / Topology and its Applications 159 (2012) 3404–3416ψ = ψ, ω−1k ψωk = ψ, k n, φi, j = φ−1i, j ,
ω−11 φi, jω1 =
⎧⎨
⎩
φ2, j i = 1,
φ1, j i = 2,
φi, j otherwise,
ω−12 φi, jω2 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
φ−11,3 i = 1, j = 3,
φ−11,3φ3, j i = 2, j > 3,
φ−11,3φ2, j i = 3,
φ−11,3φi, j otherwise,
ω−1k φi, jωk =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
φi−1, j k = i − 1,
φi+1, j k = i < j − 1,
φi, j−1 k = j − 1> i,
φi, j+1 k = j,
φi, j otherwise,
for 3 k n − 1,
ω−1n φi, jωn =
{
φi, jφ1,nφ2,nφ
−1
i,n φ
−1
j,n j < n,
φ−1i,n φ1,nφ2,n j = n.
Proof. Recall from (6) and (10) that there is a split, short exact sequence
1 → tv(Pn) → Aut(Pn)Mod(Sn+1) → 1.
Since the automorphisms ψ and φi, j generate the transvection subgroup tv(Pn), and the automorphisms  and ωk induce
the generators of Mod(Sn+1) ∼= Aut(Pn), these automorphisms collectively generate Aut(Pn). By Proposition 3, the automor-
phisms  and ωk satisfy the extended mapping class group relations. As noted previously, the formulas (11) may be used
to show that the transvections ψ and φi, j satisfy ψ2 = 1 and ψφi, jψ = φ−1i, j . So it suﬃces to show that the actions of the
automorphisms  and ωk on the transvections ψ and φi, j are as asserted. This may be accomplished by calculations with
the explicit descriptions of these automorphisms given in (11) and (12). 
Remark 5. Theorem 4 exhibits the semidirect product structure of Aut(Pn) ∼= tv(Pn)Mod(Sn+1). Recall that Mod(Sn+1) ∼=
M(0,n+1)Z2 is itself the semidirect product of the (non-extended) mapping class group and Z2. Note that the generator
ψ of tv(Pn) < Aut(Pn) commutes with the generators ,ω1, . . . ,ωn of Aut(Pn) which induce the generators of Mod(Sn+1).
It follows that Aut(Pn) may be realized as the iterated semidirect product Aut(Pn) ∼= (ZN M(0,n + 1)) (Z2 ×Z2).
Similar considerations yield a presentation for the automorphism group of the three strand pure braid group P3 ∼= Z× F2.
In this case, the split extension (6) yields Aut(P3) ∼= tv(P3) Aut(F2), where tv(P3) ∼= Z2  Z2, generated by ψ,φ1,3, φ2,3
with ψ2 = 1 and ψφi, jψ = φ−1i, j (see (11)), and
F2 = P3 = P3/Z(P3) = P3/〈A1,2A1,3A2,3〉 = 〈A1,3, A2,3〉
is the free group on two generators. The group Aut(F2) admits the following presentation, due to Neumann (see [14, §3.5,
Problem 2]):
Aut(F2) =
〈
P ,σ ,U
∣∣P2,σ 2, (σ P )4, (Pσ PU )2, (U Pσ)3, [U ,σUσ ]〉,
where the automorphisms P , σ , U of F2 are given by
P (A1,3) = A2,3, σ (A1,3) = A−11,3, U (A1,3) = A1,3A2,3,
P (A2,3) = A1,3, σ (A2,3) = A2,3, U (A2,3) = A2,3.
Lifts of these automorphisms to automorphisms of P3 ﬁxing Z3 = A1,2A1,3A2,3 are given by setting
P (A1,2) = A2,3A1,2A−12,3, σ (A1,2) = A1,2A21,3, U (A1,2) = A−12,3A1,2.
Calculations with these formulas yield the following result.
Proposition 6. The automorphism group Aut(P3) of the three strand pure braid group admits a presentation with generators P , σ , U ,
ψ , φ1,3 , φ2,3 , and relators
P2, σ 2, (σ P )4, (Pσ PU )2, (U Pσ)3, [U ,σUσ ],
[U ,ψ], [P ,ψ], [σ ,ψ], [U , φ1,3], Pφ1,3Pφ−12,3, (σφ1,3)2,
ψ2, (ψφi,3)
2, [φ1,3, φ2,3], φ1,3[φ2,3,U ], Pφ2,3Pφ−11,3, [σ ,φ2,3].
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to the generators of Aut(F2). It follows that Aut(P3) ∼= Z2  (Z2 × Aut(F2)).
Since the two strand pure braid group P2 = Z is inﬁnite cyclic, Aut(P2) = Z2.
4. Automorphisms of the pure monomial braid group
As discussed for example in [4, §3], the full monomial braid group B(r,n) = B(2,n) embeds in the Artin braid group
Bn+1. In terms of the standard generators σi , 1  i  n, of Bn+1 and the generators ρ j , 0  j  n − 1 of B(r,n), one
choice of embedding is given by ρ0 → σ 21 and ρ j → σ j+1 for j = 0. Restricting to the pure monomial braid group yields a
monomorphism P (r,n) → Pn+1. In terms of the generators (1) of Pn+1 and (5) of P (r,n), this is given by
C j → Ar1, j+1, A(q)i, j → (A1,i+1 · · · Ai,i+1)q−r Ai+1, j+1(A1,i+1 · · · Ai,i+1)r−q.
Recall the generators Zn+1 = (σ1 · · ·σn)n+1 and ζn = (ρ0 · · ·ρn−1)n of the centers Z(Bn+1) = Z(Pn+1) and Z(B(r,n)), and
that Z(P (r,n)) is generated by ζ rn . It is readily checked that the above embedding takes ζn to Zn+1. Consequently, the group
P (r,n) = P (r,n)/Z(P (r,n)) may be realized as a (ﬁnite index) subgroup of Pn+1 = Pn+1/Z(Pn+1).
Composing with the map Bn+1 → Mod(Sn+2) given by σi → ωi realizes P (r,n) as a ﬁnite index subgroup of the ex-
tended mapping class group Γ = Mod(Sn+2). Hence, for n  3, we have Aut(P (r,n)) ∼= NΓ (P (r,n)) by Proposition 2.
Since P (r,n) ∼= Z(P (r,n)) × P (r,n), the split extension (6) yields a semidirect product decomposition Aut(P (r,n)) ∼=
tv(P (r,n)) Aut(P (r,n)). Thus, for n 3, the group Aut(P (r,n)) of right automorphisms of the pure monomial braid group
may be realized as
Aut
(
P (r,n)
)∼= tv(P (r,n)) NΓ (P (r,n)).
Lemma 8. Let Nr = r
(n
2
)+n− 1. The transvection subgroup of the automorphism group of the pure monomial braid group is given by
tv(P (r,n)) ∼= ZNr Z2 , where Z2 acts on ZNr by taking generators to their inverses.
Proof. For notational convenience, denote the generator of the center of P (r,n) by Zr,n = ζ rn . In terms of the generators
(5) of P (r,n), the transvection subgroup tv(P (r,n)) of Aut(P (r,n)) consists of automorphisms of the form C j → C j Z s jr,n
and A(q)i, j → A(q)i, j Z
ti, j,q
r,n , where s j, ti, j,q ∈ Z and S =
∑n
j=1 s j +
∑r
q=1
∑
1i< jn ti, j,q is either equal to 0 or −2. In the case
S = 0, Zr,n → Zr,n , while Zr,n → Z−1r,n in the case S = −2. This yields a surjection tv(P (r,n)) → Z2, with kernel consisting
of transvections for which S = 0. Since P (r,n) has Nr + 1 generators, this kernel is free abelian of rank Nr . Setting s1 = −2,
s j = 0 for 2 j  n, and all ti, j,q = 0 gives a splitting Z2 → tv(P (r,n)). Thus, tv(P (r,n)) ∼= ZNr Z2. This group is generated
by transvections Ψ , Υi , 2 i  n, Φi, j,p , 1 i < j  n, 1 p  r, of P (r,n), deﬁned by
Ψ :
⎧⎨
⎩
C j → C1 Z−2r,n if j = 1,
C j → C j if j = 1,
A(q)k,l → A(q)k,l for all k, l,q,
Υi :
⎧⎪⎪⎨
⎪⎪⎩
C j → C1 Zr,n if j = 1,
C j → Ci Z−1r,n if j = i,
C j → C j, if j = 1, i,
A(q)k,l → A(q)k,l for all k, l,q,
Φi, j,p:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
C j → C1 Zr,n if j = 1,
C j → C j if j = 1,
A(q)k,l → A(p)i, j Z−1r,n if k = i, l = j, q = p,
A(q)k,l → A(q)k,l otherwise.
(13)
Check that the transvections Υi , Φi, j,p all commute, and that Ψ 2 = 1, ΨΥiΨ = Υ −1i , and ΨΦi, j,pΨ = Φ−1i, j,p to complete the
proof. 
For n 3, viewing the group P (r,n) as a subgroup of the extended mapping class group via the sequence of embeddings
P (r,n) → Pn+1 → Bn+1 → M(0,n + 2) → Mod(Sn+2),
the group Mod(Sn+2) acts on P (r,n) by conjugation. The subgroup P (r,n) <Mod(Sn+2) is, however, not a normal subgroup.
For instance, one can check that ω1 · P (r,n) = P (r,n) ·ω1. Thus, the normalizer NΓ (P (r,n)) of P (r,n) in Γ = Mod(Sn+2) is
a proper subgroup of Mod(Sn+2).
So to understand the structure of Aut(P (r,n)) = tv(P (r,n)) NΓ (P (r,n)), we must determine this normalizer. For n 3,
the normalizer NΓ (B(r,n)) of B(r,n) = B(2,n) = B(2,n)/Z(B(2,n)) in Γ = Mod(Sn+2) was found by Charney and Crisp
[5, Proposition 10]:
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(
B(r,n)
)∼= B(r,n) (Z2 ×Z2). (14)
Identifying the generators of B(r,n) with their images in Mod(Sn+2), the group NΓ (B(r,n)) has generators ρ0 = ω21,ρ1 =
ω2, . . . , ρn−1 = ωn, ,, where
 =ω1 · · ·ωn+1 ·ω1 · · ·ωn ·ω1 · · ·ωn−1 · · · · · ·ω1 ·ω2 ·ω1
in Mod(Sn+2). Note that 2 = (ω1 · · ·ωn+1)n+2 = 1. The elements  and  generate Z2 ×Z2. Their action on B(r,n) is given
by  :ρi → ρ−1i and
:ρi →
{
(ρn−1 · · ·ρ1ρ0ρ1 · · ·ρn−1)−1 if i = 0,
ρn−i if 1 i  n − 1.
Proposition 9. Let Γ = Mod(Sn+2). For n 3, NΓ (P (r,n)) = NΓ (B(r,n)).
Proof. Since P (r,n) is normal in B(r,n), we have ρi(P (r,n)) = P (r,n) for each i, 0  i  n − 1. It is straightforward to
check that (P (r,n)) = P (r,n). We assert that (P (r,n)) = P (r,n) as well, which would imply that P (r,n) is normal in
NΓ (B(r,n)).
For this, recall the monomial braids Xi = ρi−1 · · ·ρ1ρ0ρ1 · · ·ρi−1, and note that (ρ0) = X−1n and more generally,
(Xi) = X−1n−i+1. Recall also from the proof of Lemma 1 that Xri = Di is a pure monomial braid. Using these observations,
one can check (on the generators of P (r,n), see (5)) that (P (r,n)) = P (r,n). Thus, P (r,n)  NΓ (B(r,n)).
The above considerations imply that NΓ (B(r,n)) is a subgroup of NΓ (P (r,n)), since the latter is the largest subgroup of
Mod(Sn+2) in which P (r,n) is normal. However, the (right) cosets of H = NΓ (B(r,n)) in Γ = Mod(Sn+2) are H and H ·ω1,
and since ω1 · P (r,n) = P (r,n) ·ω1, the same is true for any element of H ·ω1. It follows that NΓ (P (r,n)) = NΓ (B(r,n)). 
Hence we have Aut(P (r,n)) ∼= tv(P (r,n)) NΓ (B(r,n)), and we now turn our attention to exhibiting a presentation for
this group. As done with the Artin pure braid group in the previous section, we exhibit automorphisms of P (r,n) which ﬁx
the generator Zr,n = ζ rn of the center, and induce the corresponding (conjugation) automorphisms of P (r,n) upon passing to
the quotient.
The automorphisms  and  of B(r,n) extend to automorphisms of B(r,n) (denoted by the same symbols) which take
the generator ζn of the center Z(B(r,n)) to its inverse. For β ∈ B(r,n), let cβ ∈ Aut(P (r,n)) be the automorphism given by
conjugation by β , cβ(x) = β−1xβ . Recall the transvection automorphisms Ψ , Υi , Φi, j,p of P (r,n) deﬁned in (13), and deﬁne
elements ρ˜k , 0 k n− 1, ˜ , and ˜ of Aut(P (r,n)) as follows:
ρ˜0 = cρ0 , ρ˜1 = cρ1 ◦Υ2, ρ˜k = cρk (2 k n − 1), ˜ =  ◦Ψ, ˜ =  ◦Ψ ◦Υn. (15)
Since cβ(Zr,n) = Zr,n , (Zr,n) = Z−1r,n , (Zr,n) = Z−1r,n , Υ j(Zr,n) = Zr,n , and Ψ (Zr,n) = Z−1r,n , each of the automorphisms deﬁned
above ﬁxes Zr,n . Explicit formulas for the actions of these automorphisms on the pure monomial braid generators (5)
may be obtained through calculations using the monomial braid relations (4) and the presentation for P (r,n) found in
[6, Theorem 2.2.4] (see also [6, Lemma 2.2.3]). The results of these calculations are relegated to the next section.
Proposition 10. The automorphisms ρ˜0, . . . , ρ˜n−1, ˜, ˜ ∈ Aut(P (r,n)) satisfy
ρ˜iρ˜i+1ρ˜i = ρ˜i+1ρ˜iρ˜i+1 for 1 i < n, ρ˜iρ˜ j = ρ˜ jρ˜i for |i − j| 2, ˜2 = 1,
(ρ˜0ρ˜1 · · · ρ˜n−1)n = 1, (ρ˜0ρ˜1)2 = (ρ˜1ρ˜0)2, ˜2 = 1,
˜ρ˜0˜ = (ρ˜n−1 · · · ρ˜1ρ˜0ρ˜1 · · · ρ˜n−1)−1, (˜ρ˜k)2 = 1 for 0 k < n, [˜, ˜] = 1,
˜ρ˜k˜ = ρ˜n−k for 1 k < n.
These are the relations of the normalizer of P (r,n) in Mod(Sn+2).
Sketch of proof. Since ρ˜k is conjugation by ρk for k = 1, all of the relations which do not involve ρ˜1, ˜ , and ˜ hold
since they hold in the monomial braid group. Additionally, note that the automorphisms ρk ,  , and  of P (r,n) generate
the normalizer NΓ (P (r,n)) = NΓ (B(r,n)), where Γ = Mod(Sn+2), so they satisfy the analogs of the relations stated in the
proposition.
These observations, together with the formulas for the automorphisms ρ˜k , ˜ , ˜, Ψ , and Υi recorded in Section 5 and
(13), may be used to verify that all of the asserted relations hold. For instance, let τ = ρ0ρ1 · · ·ρn−1 and τ˜ = ρ˜0ρ˜1 · · · ρ˜n−1.
Note that τn = 1. Recalling that we work with right automorphisms, one can check that
τ˜ (C1) = τ (C1) · Zr,n = CW1n · Zr,n, τ˜ (C2) = τ (C2) · Z−1r,n = CW21 · Z−1r,n ,
τ˜ (C j) = τ (C j) = CW jj−1 (3 j  n), τ˜
(
A(q)i, j
)= τ (A(q)i, j ),
for certain words W j ∈ P (r,n). This, together with the fact τn = 1, may be used to show that τ˜n = (ρ˜0ρ˜1 · · · ρ˜n−1)n = 1.
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The analogous automorphism λ = ρn−1 · · ·ρ1ρ0ρ1 · · ·ρn−1ρ0 is trivial (consider its action on the generators of B(r,n)).
Checking that λ˜(x) = λ(x) for each generator x of P (r,n) reveals that λ˜ = 1 as well.
Veriﬁcation of the remaining relations may be handled in a similar manner, and is left to the reader. 
Theorem 11. For n 3, the group Aut(P (r,n)) of right automorphisms of the pure monomial braid group admits a presentation with
generators
˜, ˜, ρ˜k, 0 k n − 1, Ψ, Υl, 2 l n, Φi, j,p, 1 i < j  n, 1 p  r,
and relations
ρ˜iρ˜i+1ρ˜i = ρ˜i+1ρ˜iρ˜i+1 for 1 i < n, ρ˜iρ˜ j = ρ˜ jρ˜i for |i − j| 2, ˜2 = 1,
(ρ˜0ρ˜1 · · · ρ˜n−1)n = 1, (ρ˜0ρ˜1)2 = (ρ˜1ρ˜0)2, ˜2 = 1,
˜ρ˜0˜ = (ρ˜n−1 · · · ρ˜1ρ˜0ρ˜1 · · · ρ˜n−1)−1, (˜ρ˜k)2 = 1 for 0 k< n, [˜, ˜] = 1,
˜ρ˜k˜ = ρ˜n−k for 1 k < n,
Ψ 2 = 1, [Υl,Φi, j,p] = 1, ∀l, i, j, p, [Φi, j,p,Φk,l,q] = 1, ∀i, j,k, l, p,q, ˜Ψ ˜ = Ψ,
ΨΥlΨ = Υ −1l , ∀l, ΨΦi, j,pΨ = Φ−1i, j,p, ∀i, j, p, ˜Ψ ˜ = Ψ, ρ˜−1k Ψ ρ˜k = Ψ, ∀k,
˜Υl˜ =
{
Υ −1n−l+1Υn l < n,
Υn l = n, ˜Υl˜ = Υ
−1
l , ∀l, ρ˜−10 Υlρ˜0 = Υl, ∀l,
ρ˜−11 Υlρ˜1 =
{
Υ −12 l = 2,
Υ −12 Υl l = 2,
ρ˜−1k Υlρ˜k =
{
Υk+1 l = k,
Υk l = k + 1,
Υl l = k,k + 1,
for k 2,
˜Φi, j,p˜ =
{
Υ −1n− j+1Υ
−1
n−i+1ΥnΦn− j+1,n−i+1,p j < n,
Υ −1n−i+1ΥnΦ1,n−i+1,p j = n,
˜Φi, j,p ˜ =
{
Φ−1i, j,r−p p < r,
Φ−1i, j,r p = r,
ρ˜−10 Φi, j,qρ˜0 =
⎧⎨
⎩
Φ1, j,r i = 1,q = 1,
Φ1, j,q−1 i = 1,q = 1,
Φi, j,q otherwise,
ρ˜−11 Φi, j,qρ˜1 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Υ −12 Φ1,2,r−p i = 1, j = 2, p < r,
Υ −12 Φ2, j,p i = 1, j > 2,
Υ −12 Φ1, j,p i = 2,
Υ −12 Φi, j,p otherwise,
ρ˜−1k Φi, j,qρ˜k =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
Φk, j,p k = i − 1,
Φk+1, j,p k = i < j − 1,
Φk,k+1,r−p k = i = j − 1, p < r,
Φi,k,p k = j − 1> i,
Φi,k+1,p k = j,
Φi, j,p otherwise,
for k 2.
Proof. By Propositions 2 and 9, there is a split, short exact sequence
1 → tv(P (r,n))→ Aut(P (r,n)) NΓ (P (r,n))→ 1,
where Γ = Mod(Sn+2). From the proof of Lemma 8, the automorphisms Ψ , Υl , and Φi, j,p generate the transvection subgroup
tv(P (r,n)), and satisfy the relations Ψ 2 = 1, ΨΥlΨ = Υ −1l , ΨΦ−1i, j,pΨ = Φ−1i, j,p , [Υl,Φi, j,p] = 1, and [Φi, j,p,Φk,l,q] = 1. Since
the automorphisms ˜ , ˜, ρ˜k induce the generators of NΓ (P (r,n)), these automorphisms, together with the aforementioned
transvections, generate Aut(P (r,n)). By Proposition 10, the automorphisms ˜ , ˜, ρ˜k satisfy the relations of NΓ (P (r,n)). So
it suﬃces to show that the actions of these automorphisms on the transvections Ψ , Υl , and Φi, j,p are as asserted. This may
be accomplished by calculations with the descriptions of these automorphisms given in (15), Section 5, and (13). 
Remark 12. Theorem 11 exhibits the semidirect product structure Aut(P (r,n)) ∼= tv(P (r,n))  NΓ (P (r,n)), where Γ =
Mod(Sn+2) and tv(P (r,n)) ∼= ZNr  Z2. Recall that NΓ (P (r,n)) = NΓ (B(r,n)) = B(r,n)  (Z2 × Z2) (see (14)), and note
that the transvection Ψ commutes with all generators of NΓ (P (r,n)). It follows that Aut(P (r,n)) ∼= (ZNr  B(r,n)) (Z2 ×
Z2 ×Z2).
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where tv(P (r,2)) ∼= Zr+1 Z2, generated by Ψ , Υ2, Φ1,2,p , 1 p  r (see Lemma 8), and
Fr+1 = P (r,2) = P (r,2)/Z
(
P (r,2)
)= P (r,2)/〈Zr,2〉 = 〈A(1)1,2, . . . , A(r−1)1,2 ,C2, A(r)1,2〉
is the free group on r + 1  3 generators. The group Aut(Fr+1) admits a presentation, due to Nielsen, with generators P ,
Q , σ , and U , where
P :
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
A(1)1,2 → A(2)1,2,
A(2)1,2 → A(1)1,2,
A(q)1,2 → A(q)1,2 q = 1,2,
C2 → C2,
Q :
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
A(q)1,2 → A(q+1)1,2 q < r − 1,
A(r−1)1,2 → C2,
A(r)1,2 → A(1)1,2,
C2 → A(r)1,2,
σ :
⎧⎨
⎩
A(1)1,2 → (A(1)1,2)−1,
A(q)1,2 → A(q)1,2 q = 1,
C2 → C2,
U :
⎧⎨
⎩
A(1)1,2 → A(1)1,2A(2)1,2,
A(q)1,2 → A(q)1,2 q = 1,
C2 → C2.
Refer to [14, §3.5, Corollary N1] for the relations satisﬁed by these generators of Aut(Fr+1). Lifts of these automorphisms to
automorphisms of P (r,2) which ﬁx the generator Zr,2 = C1A(1)1,2 · · · A(r−1)1,2 C2A(r)1,2 of the center are given by setting
P (C1) = C1
[
A(1)1,2, A
(2)
1,2
]
, Q (C1) =
(
A(1)1,2
)−1
C1A
(1)
1,2,
σ (C1) = C1
(
A(1)1,2
)2
, U (C1) = C1A(1)1,2
(
A(1)1,2A
(2)
1,2
)−1
.
Calculations with these formulas yields the following result.
Proposition 13. The automorphism group of the pure monomial braid group P (r,2) is generated by P , Q , σ , U , Ψ , Υ2 , Φ1,2,p ,
1 p  r, and decomposes as a semidirect product Aut(P (r,2)) ∼= tv(P (r,n))Aut(Fr+1). The action of Aut(Fr+1) on tv(P (r,n)) is
given by
P :
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Ψ → Ψ,
Υ2 → Υ2,
Φ1,2,1 → Φ1,2,2,
Φ1,2,2 → Φ1,2,1,
Φ1,2,p → Φ1,2,p p = 1,2,
Q :
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Ψ → Ψ,
Υ2 → Φ1,2,r,
Φ1,2,p → Φ1,2,p+1 p  r − 2,
Φ1,2,r−1 → Υ2,
Φ1,2,r → Φ1,2,1,
σ :
⎧⎪⎨
⎪⎩
Ψ → Ψ,
Υ2 → Υ2,
Φ1,2,1 → Φ−11,2,1,
Φ1,2,p → Φ1,2,p p = 1,
U :
⎧⎪⎨
⎪⎩
Ψ → Ψ,
Υ2 → Υ2,
Φ1,2,2 → Φ−11,2,1Φ1,2,2,
Φ1,2,p → Φ1,2,p p = 2.
Remark 14. Note that the generator Ψ of tv(P (r,2)) < Aut(P (r,2)) commutes with the generators P , Q , σ ,U of Aut(P (r,2))
which project to the generators of Aut(Fr+1). It follows that Aut(P (r,2)) ∼= Zr+1  (Z2 × Aut(Fr+1)).
Since P (r,1) = Z is inﬁnite cyclic, Aut(P (r,1)) = Z2.
5. The action of Aut(P (r,n)) on the generators of P (r,n)
We record the action of the elements ρ˜k (0  k  n − 1), ˜ , ˜ of Aut(P (r,n)) on the generators C j , 1  j  n, and
A(q)i, j , 1  i < j  n, 1  q  r of the pure monomial braid group P (r,n). See (13) for the action of the generators of the
transvection subgroup tv(P (r,n)). Recall the elements A[q]i, j , V
(q)
i, j , Dk ∈ P (r,n) from (8), and that yx = x−1 yx. For 1  i <
j  n and 1 q r, let U (q)i = A(q)i,i+1A(q)i,i+2 · · · A(q)i,n . The actions of ρ˜k , ˜ , and ˜ are given by:
ρ˜0:
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
C j → C1 if j = 1,
C j → C j(A
(r−1)
1, j )
−1
if j = 1,
A(q)i, j → A(q−1)i, j if i = 1, q = 1,
A(q)i, j → (A(r)i, j )C1 if i = 1, q = 1,
A(q) → A(q) if i  2,i, j i, j
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
C j → C A
(r)
1,2
2 Zr,n if j = 1,
C j → C1 Z−1r,n if j = 2,
C j → C j if j  3,
A(q)i, j → (A(r−q)1,2 )(C1A
(1)
1,2···A(r−q−1)1,2 )−1 if i = 1, j = 2, q < r,
A(q)i, j → A(q)2, j if i = 1, j  3, q = r,
A(q)i, j → (A(q)2, j)(C1A
(1)
1,2···A(r−q−1)1,2 C−11 )−1 if i = 1, j  3, q < r,
A(q)i, j → (A(q)1, j)A
(q+1)
1,2 ···A(r)1,2 if i = 2, q < r,
A(q)i, j → A(q)i, j otherwise,
ρ˜k:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
C j → C j−1 if k = j − 1,
C j → C A
(r)
j, j+1
j+1 if k = j,
C j → C j if k = j − 1, j,
A(q)i, j → (A(q)i−1, j)A
[q]
i−1,i A
(r)
i−1,i if k = i − 1, q < r,
A(q)i, j → A(r)i−1, j if k = i − 1, q = r,
A(q)i, j → (A(q)i+1, j)(Di A
(1)
i,i+1···A(r−q−1)i,i+1 D−1i )−1 if k = i < j − 1, q < r,
A(q)i, j → A(r)i+1, j if k = i < j − 1, q = r,
A(q)i, j → (A(r−q)i,i+1 )(Di A
(1)
i,i+1···A(r−q−1)i,i+1 )−1 if k = i = j − 1, q < r,
A(q)i, j → A(q)i, j−1 if k = j − 1> i,
A(q)i, j → (A(q)i, j+1)A
(r)
j, j+1 if k = j,
A(q)i, j → A(q)i, j otherwise,
for 2 k n − 1,
˜:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
C j → C−11 Z2r,n if j = 1,
C j → (V (r)1, j)−1C−1j V (r)1, j if j = 1,
A(q)i, j → (V (r)i+1, j)−1(A(r)i, j )−1V (r)i+1, j if q = r,
A(q)i, j → (V (r)i+1, j)−1Di(A(r−q)i, j )−1D−1i V (r)i+1, j if q = r,
˜:
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
C j → D−1n Zr,n if j = 1,
C j → [U (r)n− j+1Dn− j+1U (1)n− j+1 · · ·U (r−1)n− j+1]−1 if j = 1,n,
C j → [U (r)1 D1U (1)1 · · ·U (r−1)1 ]−1 Zr,n if j = n,
A(q)i, j → (A(r)n− j+1,n−i+1)V
(r)
n− j+1,n−i+1 if q = r,
A(q)i, j → (A(q)n− j+1,n−i+1)V
(r)
n− j+1,n−i+1D
−1
n− j+1D
−1
n−i+1 if q = r.
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